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AbltrHt-The predictions of four constitutive theories of visc:oplastieity are examined and compared in
uniaxial homogeneous deformations. Each theory is fined to tbe same stress-strain data, and both aualytieal
and numerical methods are employed to hiahlilht similarities and dilferenees between their predictions.

Asymptotic limits are given which represent steady-state behavior of the solutions, and the limits are
used to provide analytical methods for ftttiDg test data. Difterent manifestations of strain-rate and
stress-rate history effects predicted by the theories are compared, and the theories are shown to share a
significant qualitative bias between responses to stress- and strain-eontrolled loading.

INTRODUCTION

The demands of an evolving technology and the advent of powerful computational software
have encouraged the continuing development of constitutive equations of inelastic metal
behavior. Development of constitutive theories has found increasing support from CODCUI'l'ent
experiments indicating significant rate-dependence of metal behavior at low, room, and elevated
temperatures. Such rate-dependence is manifested in rate-sensitivity of the yield stress and the
Bow stress[l-23), in creep and relaxation behavior[l-3, 24-30), and in the wavespeeds of
propagating plastic waves [31-36). Various viscoplastic constitutive theories have been
developed in order to represent di1ferent facets of the rate- and history-depenclent behavior
observed in such experiments, and these theories use di1ferent respositories for modeling
inelastic behavior.

In some cases [37-39] the constitutive equations are nonlinear in the strain-rate while in
other cases[40-47] the equations are linear in the strain-rate and nonlinear in stress or strain.
Some theories[48-S3] are motivated by material science while other theories[37-47, 54-56)
are primarily phenomenological in their foundations. In the viscoplastic endochronic theory[38,
39] a non-decreasing and rate-dependent parameter is employed to model both rate-dependence
and material-memory for the prior plastic deformation. Alternatively the theory proposed by
Bodner and Partom [45) uses a Bow law which depends on the plastic work. Yet another
approach[l2, 41-44, 55) proposes that the plastic strain-rate depends on the difference between
the Bow stress and the corresponding value of an equilibrium stress-strain curve evaluated at
the same strain.

Because di1ferent theories use di1ferent repositories for modeling rate-dependence and
memory for plastic deformation, they predict subtly di1ferent manifestations of iDelastic
behavior. Here the predictions of four. visco-plastic theories are examined and compared in
uniaxial homogeneous deformations. Each theory is shown to predict qualitative biases be­
tween responses to stress- and strain-eontroUed loading. Asymptotic limits are obtained which
characterize steady-state stress-strain behavior and which are useful in fitting the models to
experimental data.

We examine theories presented by Bodner and Partom[45], Cernocky and Krempl[43,44),
and Lin and Wu[38). In addition a new version of the endochronic theory of Wu and Yip[39) is
proposed and examined. These theories share a capability of modeling nonlinear rate-depen­
dence of stress-strain behavior, and in the forms presented here each theory models material
behavior as inelastic at all times; no yields surfaces are used. Additional viscoplastic theories
are available, and it is only for practicality that this study is limited to four theories.

Material constants are determined by fitting each model to the same constant strain-rate
stress-strain data suggested by the quasi-static experiments of Klempl[1] and the dynamic
experiments of Albertini and Montagnani[5]; see Table 1. The initial elastic slope is prescn'bed,
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Table I. Stress-strain data and responses at I% strain

Strain-Rate (s-l) 10-8 10-5 10-3 10-2
69 177 808

Expert_ntal 22.3 26.2 29.3 32.0 42.8 46.0 52.3Stress (Kai)

Stress from 22.2 26.2 29.8 31.9 44.1 46.0 49.3Model I (Ks 1)

Stre.s fro.. 22.4 26.2 29.9 32.2 44.3 46.0 48.8Model II (Rai)

Stre.. from 22.5 26.2 29.5 31.6 43.9 45.9 49.5Model III (Kai)

Stre.. from 22.5 26.2 29.5 31.6 44.0 46.0 49.7Model IV (Kai)

Model. I-IV are fitted to data for 304 Stainless Steel at 1% strain
for the strain-rata. 10-5 .-1 and 177 s-l. Data for strain-rates
below 10-2 s-l i. obtained fro.. [1). and data for rate. above 10-2 s-l
corresponds to 15]. The cold worked data fro.. {5] has been shifted
to match the annealed data fro.. [1] at the strain-rate 10-2 s-l in
order to approximate dynamic responses of the annealed material. The
responses of Models I-IV are obtained through numerical solutions of
the constitutive equations.

and each model is fitted to two stress-strain data points at 1% strain usina the limits developed
here. The data points are arbitrarily selected to correspond to the strain-rates 10-5 $"1 and
177 S·I. We also specify the stress-strain slope at the lower (static-rate) dala point. Additional
data points may be fitted by usina the limits to obtain systems of equations which are
numerically solved for unknoWD CODstants. This case is not pursued here because our interest is
comparison of the qualitative behavior of the models rather than curve-fittiDa quantitative
responses.

THE CONSTITUTIVE EQUATIONS

We desipate u and E as the axial stress and infinitesimal strain, respectively; fpl is the
corresponding ratt-dlpeMellt plastic strain. The theory of Bodner and Partom[4S1 is arbitrarily
designed as Modell, and the Bow law ist

f'l =ao exp [ - (F[W,d/lul)"") sip[u).

A superimposed dot indicates differentation with respect to time, and square brackets denote
functions of the indicated arpments. Sip[u) equals ± I corresponding to positive and negative
stress, and W,I is the plastic work. F[ J is a bounded, increasing function, and ao, bo are
positive constants.

For reference Model II denotes the constitutive equation from [43, 44J with the flow law

i. = u- g[d
pi Ek{u- g{e]r (2)

In (2) E is the constant elastic modulus. The function g[ ] represents an equilibrium stress­
strain response of the material, and it has the appearance of a tensile/compressive stress-strain
curve[43, S7]. The initial slope of g[ 1is E, and for convenience and simplicity we take the
slope at large strain to be the constant EI' The difference between the Bow stress and
equilibrium response is referred to as the overstress, and k[ 1is a positive decreasing function
of 10' - gl given in the Appendix.

The rate-dependent endochronic theory of Lin and Wu{38J is designated as Model III, and

t An alternative finite-deformation representation of Model I is also presented in 1451.
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its flow law is

where

. _ coter
lipl - E(l + do{)

t". K[i1jil·

(3)

(4)

Here Kl ] is a nonlinear function of the strain-rate magnitude given in [381, and { is the
rate-dependent uendocbronic time"; Co and do are material constants.

In an alternative endocbronic theory Wu and Yip[39] replaced the total strain-rate in (4)
with the plastic strain-rate, and they replaced (3) with a different flow law. Their theory uses a
yield surface while Models I-III do not use yield surfaces. Further the principal advantage of
the original endocbronic theories [61, 38) was their freedom from yield surfaces.

Here we propose a new version of the rate-dependent endocbronic theory by replacing the
total strain-rate in (4) with the plastic strain-rate as in [39], but without using yield surfaces. We
replace (4) with

but we keep the flow law (3), using the endochronic time from (5).
Substitution of (S) into (3) results in an implicit flow law for Model IV

K[ ' ) - EO +dol)
lip. - I I .Co er

(5)

(6)

In (5) and (6) Kl ] may be any positive decreasing function of the plastic strain-rate such that
K[ )fpI vaniShes when fpl =O. The flow law (6) applies at all times and behavior is always
inelastic.

In this study we use the particular representation of Kl I proposed in {1S, 39}

(7)

For the case of Model III the plastic strain-rate in (7) is replaced by the total strain-rate. For
this particular representation of K[ ) the flow law of Model IV may be rewritten as

. A [E(l +do{)]. [)
lip!:::: 0 exp - coBolerl Sign er .

The constants An, Boare related to constants in Kl ]; see the Appendix.

(8)

LIMITING BEHAVIOR AT LARGE TIME

Constant stI'Din-rate loading
In order to identify the large-time stress-strain behavior predicted by the models we

formally determine limits of their responses as time and strain go to infinity in constant
strain-rate, tensile loading. These limits become approximately satisfied at small stress and
strain and characterize a steady-state facet of stress-strain behavior. To obtain the limits we
use integral-equation representations of the constitutive equations. The same limits may also be
obtained by requiring that i pl vanish at infinite strain (time).

Because the stress from Model II grows unbounded with infinite time, we examine the infinite­
time limit of the overstress. The limits of integral equations for the overstress and for the
stress-rate [43] produce

{er - g}:: (E - EI)i kHer - g)] (9)
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{::} =E,. (10)

Here braces { }denote the value of their argument at infinite time. These limits indicate that the
growth of stress at large time parallels the growth of g[ ], and that the overstress approaches a
finite bound which depends nonlinearly on the strain-rate. At large time the stress-strain slope
equals the constant E, for any strain-rate (Fig. 3).

For Model I we rewrite the constitutive equation as an integral equation

u=f BE exp [ - f H[s]ds ]d'l'

where

H[ ]=E·lIo [_ (F[Wp,[S]])ho]
s u[s] exp u[s] .

The infinite-time limit of (11) results in the lwits for the stress response

and

(11)

(12)

(13)

(14)

In (13) F[ ] is evaluated at W,I = 00, and F[ ] is a bounded function. The limits indicate that as
strain (time) grows infinite in constant strain-rate loading, the stress approaches a finite bound
which depends nonlinearly on the strain-rate. and the slope vanishes.

For both models III and IV the stress-rates may be written as

(15)

In (15) ( and t correspond to (4) or (5) for the respective cases of Models III and IV. From the
limit of (15) we obtain

{du} E do
dE =co+ do' (16)

The limit (16) is the same for Models III and IV despite the diferent definitions of endocmonic
time and the diferent arguments in K[ ] for these models. From (16) the responses of Models
III and IV eventually have the same constant slope for all strain-rates (Fip. 5 and 6).

Substitution of (16) into (3) and (4) results in the infinite-time limit for the response of Model
m

where

{u - U[(, En =(co +t> K[E]

U[ T ']_ Edo(
!r,E -(co+do)K[Er

(17)

(18)

H~re (= K[E]E for constant strain-rate loading. At large time the growth of stress parallels the
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growth of the linear function U[ ], and the difference between flow stress and U[ ] depends
nonlinearly on the strain-rate.

Substitution of (16) into (5) and (6) results in the infinite-time limit for the response of Model
IV

while the plastic strain-rate in (19) has the value

{'} coE
EpI =co+ do'

(19)

(20)

Constant stress-rate loading
We also examine the large-time behavior predicted by the theories in constant stress-rate

loading Ooad-control). For Model D the differential constitutive equation is substituted into the
integrand of the integral equation for overstress [44,59], or E,I is required to vanish at infinite
time (stress), and we obtain

IT
{O' - g} =(E - E,) E, k[{O' - g}]. (21)

The limit (10) also applies in constant stress-rate loading, and the combination of (9) and (10) is
consistent with (21) and (10).

The limits (9), (10) and (21) establish correspondence between tests at constant strain-rates and
at constant stress-rates. We consider loading at a strain-rate Eo and another separate loading at a
constant stress-rate 0'0, where 0'0 is related to Eo by the slope-limit (10). Because the rates are related
in this way, the overstress limits in (9) and (21) are identical and the larp-time responses for these
loadings coincide (Fig. 2). ,

The transition to steady-state behavior where the limits apply occurs more gradually in
constant stress-rate loading than in constant strain-rate loading (Fig. 2). To understand the
reason for this we use the definition of total strain, the chain rule, and the low law to write the
slope for Model D in loading at the constant strain-rate Eo

dO' =E- 0'- g[E]
dE k[O'- g[EllEo' (22)

In constant stress-rate loading the strain-rate equals (df/dO')er, and loading at the stress-rate
ero (ero =E,io) results in the stress-strain slope

dO' E
dE =: 1+ O'-g[E] .

k[O'- g[EllE,Eo

(23)

The difterence between the constitutive equations for the slopes in (22) and (23) causes the
difference between transient responses in stress- and strain-control. Similar difterences occur
between the slopes and transient responses of the other modell in stress- and strain-control
(Fig. 2).

For Models ill and IV the limits (16)-(20) also apply in constant stress-rate loading. For
both models the endochronic time has different values in the stress- and strain-controlled tests
with respective rates ero and Eo, and technically the liJ;nits (17, 19) both have different values in
the stress- and strain-controlled tests. However this difference is negligible, and the steady-state
r.esponses approximately coincide in stress- and strain-control (Fig. 2).

The infinite-time limit for the slope of Model I in constant stress-rate loading is

{dO'} &T
dE =Eao+O" (24)
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Large values of ao are required to model the data used here, and the slope in (24) may be
approximated as zero. The limit analogous to (13) but for Model I in stress-control could not be
determined. In the tests with rates 0'& and Eo the responses do not merae (Fig. 2).

USE OFTHE LIMITS TO FIT DATA

The infinite-time limits provide approximate relationships for the steady-state responses of
the models at small stress and strain. From (9) and (10) we have the approximations

u-g . (25)k[u_gj"",(E-EI)E

and

du (26)dE- EI'

Numerical solutions indicate that (25) and (26) apply at very small stress and strain (Fia. 3), and
we use these to fit Model n to experimental data.

First experimental flow stress is plotted vs the log of the strain-rate at one fixed value of
strain. The plot is extrapolated to low strain-rates until the stress-log of strain-rate curve turns
flat. This stress level represents an estimate for g[ ) at the fixed strain of interest, and the
process may be repeateQ to estimate II ] at other strains. Relaxation tests may also be used to
estimate values of g[ ] at chosen strains(60). The steady-state slope EI in g[ ) is prescribed by
usina (26) UDder the approlimation of Iiaear experimental strain-bardeniDa at sutlicient strain.

With the representation of g[ ] cbosen, constants in k[ ) are determined from (25) by
substitutinl the StresleS, strains, and strain-rates of the data points into (25). The number of
data points fitted correapoads to the DUmber of constants in the representation of k[ ), and
because our interest is not quantitative reproduction of data, we use two constants.

For Model I the limit (13) corresponds to W,I =00, and a very Iarp strain (time) is necessary
for the limit to apply; i.e. for stress to rach its constant boUDd and slope to vanish. However,
(13) provides an approximate relatiouhip for steady-state behavior at small stress, strain and
plastic work

(27)

Numerical solutions indicate the validity of (27) at infinitesimal strain. Both (13) and (27)
indicate that CIo must be chosen lar.... than the largest strain-rate of interest so that the
log-function is positive. To fit data first tie and bo may be chosen. Then (27) may be used to
determine F[ ] correspondina to experimental values of stress, strain. and plastic work. This
requires estimates of W,I for the data points of interest. However in this approach F[ ] is
determined without any input of the experimental stress-strain slope which the model should
predict at the data points. Difterent choices for CIo, bo result in widely different values of both
F[ ] and the stress-strain slope.

To prescribe the slope we formally ~erentiate (27) or apply the approximation E,I ... 0 and
obtain

dF[W,,) ... F[Wp.]u'
dW,1 tr(l- u'1E> (28)

where u' =dafdE. From (28) the stress-strain slope vanishes when F[ ) becomes constant at
large plastic work, and this is consistent with (13).

To fit data we follow [45] and use

(29)

Here /2 is used as a dimensional constant specified in the Appendix. We first choose an
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arbitrary large value or F[ ] at the first (static) data point to be fitted.t This value of F[ ] is
substituted into (28) together with the experimental stress and stress-strain slope of the first
data point. This specifies the slope at the first data point and determines fl' Next fo is
determined from (29) using the preselected value of F[ ] at this data point.

Next (29) is used to compute the value of F[ ] at thj second data point; and with F[ ]
known at two data points, (27) is used to determine the constants ao and boo From (28) the
representation of F[ ] in (29) allows specifications of the stress-strain slope at only one data
point.

The predicted responses are nearly insensitive to the initial choice of F[ ] at the first data
point. Different choices for the starting value of F[ ] result in different values for the material
constants, but the stress-strain behavior is preserved. However different choices for the
dimensional constant /2 and the different representations of F[ ] significantly affect the
curvatures of the responses [47].

For Models III and IV the limits (16) and (17), and (16) and (19) approximately apply at
infinitesimal strain and represent the steady-state behavior of the responses (Figs. 5 and 6). To
fit data an arbitrary value for do is selected first. Then Co is determined by using (16) to
prescribe the experimental slope at the first (static) data point under the approximation of linear
steady-state strain-hardening. Different choices for do are absorbed by correspondingly
different values of Co and the constants in K[ ] while the stress-strain behavior remains
unch!lnged.

Next K2 in (7) is selected as a dimensional constant, and Ko, KI are determined by
substituting the stresses, strains, and strain-rates of the two data points into the limits (17) or
(19). Different values of Koare required to fit Models III and IV to the same data. If additional
constants are added to the representation of K[ ] in order to fit more data points, the same
procedure may be employed, and the limits provide a system of equations for the unknown
constants.

For Model IV the plastic strain-rate in (5) is not constant until (16) applies, and the
endochronic time in (19) is not equal to K[ip.JEpl' However, only the stress, strain, and
strain-rate are known in experiments; and the endochronic time must be estimated in order to
use (19). To facilitate fitting data we use the approximation

(30)

and this results in an accurate fit of the experimental data points. The relative difference
between numerical solutions of Model IV and the limit (19) using (30) is approx. 10-3% at
infinitesimal strain and at all the strain-rates, and this indicates that (30) is acceptable in (19).

Table I lists additional responses of Models I-IV at strain-rates corresponding to experi­
mental data points not used in fitting the models. Although only two data points were fitted, the
particular functions used in the constitutive equations provide reasonable fits of additional
steady-state data points and reasonable representations of the experimental rate-dependence.

BEHAVIOR PREDICTED UNDER JUMPS IN STRAIN-RATE OR STRESS-RATE

We examine the behavior predicted by each theory under instantaneous jump increases
(decreases) in the strain- or stress-rates. The constant strain-rates before and after the jump are
respectively denoted by rand r, where r =8£-. A strain-rate increase corresponds to 8 > 1
and a strain-rate decrease with increasing strain corresponds to 0< 8 < 1; strain-rate reversal
and unloading correspond to 8 < O.

From the definition of total strain and the chain rule the slope for each model before the
strain-rate jump is

(31)

t F[ I is taken large in comparison with the stresses of data points being fitted.
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The superscripts - and + respectively denote values before and after the jump. After the
strain-rate jump the slope for each model is

dO'+ =E-E~
dE r'

Combining (31) and (32) at the instant of the strain-rate jump gives

dO'+ =E _ (~:) (~) (E _ dO'-).
dE E Ep ' dE

(32)

(33)

At the point where the strain-rate chanae occurs the plastic strain-rates of Models I, II, IV
are respectively the same both before and after the strain-rate jump; i.e. e;, =e;,. Using this
relationship (33) becomes

dO'+ = E _1 (E _ dO'-).
dE 8 dE

(34)

For Model III the plastic strain-rate changes with the jump, and (33) with (3) and (4) becomes

(35)

To examine the predictions of the models under jumps in the stress-rate we let q+ =yd'-,
and a stress-rate increase corresponds to '1 > 1. A stress-rate decrease with continued loading
corresponds to 0< y < 1, and a stress-rate reversal (unloadina) corresponds to '1 < O. From the
definition of total strain

(36)

Using (36) both before and after the stress-rate jump results in a relationship between the
stress-strain slopes before and after the jump. For Models I, II and IV at the point of the jump

(37)

We canaot obtain a similar relationship for Model III, but a transcendental equation for the
slope dafd~+ can be solved llUIDericaUy.

We examine the rate chaqes in regions where the steady-state conditions approximately
apply; where dafdE- <C E. The slopes of Models I, II and IV before and after jumps in the
strain- (stress-) rate are related only by the ratio 8 (y). However the slopes of Model III are
related both by the ratio 8 (y) and the value of the strain- (stress-) rate preceding the jump,
and this causes sipificantly different responses for Model m. For a large strain-rate increase
(decrease) the terms with 118 are negligible (dominant) in (34), and for a large stress-rate
increase (decrease) the terms with lIy are oeJlilible (dominant) in (37). For Model III the terms
with 8 and y are neither dominant nor neJligible. The elects of large rate increases and
decreases are summarized in Table 2 and demonstrated in Fip. 3-10 for Models I-IV.

We compare the response following the strain-rate change with the response which occurs

Table 2. Stress-strain slopes immediately following Iarae strain- (stress-) rate increases and decreases

Approxi..te Large 5 S..l1 5 Large y 5..11 Y
da+ 5»1 0<5«1 V»l O<V«l~ for:

E E
da-

Hodels 1. II, IV E -6" VdE'

Positive <E Negative >-1 Positive <E
5..11

Hodel 111 Positive
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through initial loading at the strain-rate r. For reference the response to initial loading at the
rate r is caUed the "pure response," and the response to loading with the combined rates E- ,
r is caUed the "jump response."

For Model II the approximation (25) applies for the steady-state behavior of the pure and
jump responses, and in both cases the strain-rate in (25) is r. Consequently the pure and jump
responses merge when the jump response returns to steady-state behavior, and the return to
steady-state is very rapid (Fig. 3). The jump responses to strain-rate increases and decreases
rapidly merge with the corresponding pure responses before significant strain accumulates, and
Model II predicts no significant memory for the prior strain-rate values; it models no strain-rate
history effect (SRHE).t

For Model I the steady-state approximation (27) contains the strain-rate E+ for both the
jump and pure responses, and the jump response rapidly returns to steady-state behavior (Fig.
4). However, the plastic work in (27) is different for the two responses, and this causes different
stresses in (27) for the jump and pure responses. The responses remain apart after the jump
response has returned to steady-state behavior, and Model I predicts an SRHE (Fig. 4). The
relative difference between plastic work of the two responses decreases with increasing strain,
and from (27) the responses eventually merge. For the data used here the responses merge very
slowly (Fig. 4).

For Models m and IV the endochronic times in (17) and (19) both have different values for
the jump and pure responses. This causes different steady-state flow stresses for the jump and
pure responses, and Models m and IV demonstrate SRHE's (Figs. 5 and 6). For each model the
difference between endocbronic times of the jump and pure responses, relative to the present
values of " decreases with increasing strain; the responses eventually merge. For the data and
strain-rates used here the SRHE's last over very large strain.

DISCUSSION

At the strain-rate 10-5
S-I the responses of Models I, II and IV are very similar, but at higher

strain-rates the responses of Model I differ distinctly from the responses of Models II and IV
(Fjgs. 1, 3-5). Models II and IV predict rate-independent steady-state slopes, and fitting the
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Fig. I. Fig. 2.
Fig. I. Stress-strain responses for Models I-IV at the two strain-rates used to fit data. Models II-IV predict
the same constant, rate-independent steady-state slopes while Model I predicts nonconstant and rate-

dependent slopes.

Fig. 2. Responses of Models I. II and IV at various constant stress- (strain-) rates. Different rates are used
for each model to provide spacing between the responses, and the applied stress-rate is always 360 Ksi
times the applied striin-rate. For each model the transition to steady-state is more gradual in stress-control.

and the responses of Model II (Model IV) coincide in stress- and strain-control.
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models to the same experimental slope at 10-' S-I causes identical steady-state slopes for these
models at all strain-rateso This permits their steady-state responses to approximately coincide at
aU strain-rates (F'Ip. 1, 3 and 5). For Model I the plude work in (28) is diferent for diluent
stress-strain responses, and this causes the steady-state slopes for Model I to be rate­
dependent. At biIher strain-rates the steady-state slope for Model I is significantly greater than
the slopes for Models fi and IV, and this causes the ditferences between the steady-state
responses of Model I and Models fi, IV. This diference between responses also occurs at
strain-rates below 10-' S-I, altho. the dilerence is harder to see for the scale of Figs. 3-5.

The responses of Models I, II, and IV rapidly attain steady-state at small strain, while the resp­
onses of Model III require much larger strain before reaching steady-state (Fig. 1). Different
functions may be used in the constitutive equations to modify the sharp (gradual) transitions to

1 i. 101 .-1

Z • _10.. 2 ,.1

1 C.. to· 1lI .-1

4." 4_10. 2,102 .-1
o 4 ••• _10~2. lU.. t .-1
'!+--.......---..,.-:--:r::--~::-----.
91.00 0.20 0.40 0.0 0." \.00

PERCENT STRRIN

Fig. 5. Responses of Model IV for the same piecewise constant strain-rates of Figs. 3 and 4. The
endochronic time modets a strain-rate history effect opposite that of Model I in Pi.. 4. Responses from the

origin appea{ elastic: despite lact of a yield surface.
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steady-state behavior. For Models I and II the functions F[ ] and g[ ] respectively may be
changed to modify transient stress-strain responses while the tlow laws remain
unchanged [47, 57].t Alternatively for Models III and IV the ftow laws must be changed to
change the transient responses [39]. Here we compare qualitative predictions of the models and
do not attempt to fit transient experimental behavior.

The use of the steady-state approximations to fit the models to data requires that the data
points correspond to regions of steady-state solutions to the constitutive equations. In Table 1
the difference between the experimental data point and the numerical response of Model III at
the strain-rate 177 s- J occurs because the computed response has not yet reached steady-state
at the strain of this data point.

From (13) the constant strain-rate responses of Model I are bounded while the responses of
the other models are unbounded.* The stress of Model I may reach its bound either at
infinitesimal strain or at extremely large strain depending on the data fitted and the represen­
tation of F[ ]. In (8) the endochronic time is unbounded in strain, but in (1) F[ ] is bounded in
the plastic work, and the fact that F[ ] is bounded causes the bounded responses of Model I.
This suggests a possible increase in the ftexibility of Model I by usina an unbounded F-function
to obtain unbounded responses similar to the predictions ot other models. The dependence of
F[ ] upon plastic work and the impact of F[ ] upon stress-strain behavior through (27) and (28)
make determination of a suitable unbounded function difticult, and none has been obtained thus
far.

When (9) approximately applies the response from Model II parallels the equilibrium
response g[ ] for any strain-rate (Fig. 3). Similarly the steady-state response of Model III
parallels the curve represented by U[" i) in (17) and (18), and the response of Model IV in (19)
parallels the curve represented by (co+ do)U[" i,.]/co. However U[ ] does not represent an
equilibrium stress-strain curve. While g[ ] is rate-independent and a lower bound for the
stress-strain behavior in monotonic loading, U[] is rate-dependent and decreases with
decreasing strain-rates.

For each of the models in Fig. 2 the rates in the stress- and strain-controlled tests are related
by the constant ratio 0-0/£0. This ratio corresponds to the constant steady-state slopes in (10)
and (16) but not the nonconstant slope in (28). While the steady-state responses of Models II
and IV in stress- and strain-eontrol respectively merge, the responses of Model I do not merge
(Fig. 2). These tests also may be performed with Model III, and the responses merge. The
predictions may be compared with similar experiments in order to favor selection of a partic!JIar
theory.

Each model predicts sharper responses in constant strain-rate loading than in constant
stress-rate loading because of the different stress-strain nonlinearity of the constitutive equa­
tions; e.g. eqns (22) and (23) and Fig. 2. The steady-state limits are attained more slowly in
stress-eontrol than in strain-eontrol, and this represents a bias between the responses which
each model predicts in stress- and strain-control. The difterence between transient responses in
stress- and strain-control increases with increasing stress- (strain-) rates (Fig. 2).

Models I, II and IV predict approximately elastic slopes for the responses immediately
following large strain-rate increases; Table 2 and Figs. 3-5. Additional models not examined
here will also predict elastic slopes providing their plastic strain-rates do not jump with an
instantaneous change in the total strain-rate. However, Model III predicts less than elastic slope
following the same large strain-rate incrias~s (Fig. 6). This prediction differs from the elastic
slopes reported in experiments[l-3, 6-8, 10, 12] and supports selection of Models I, II and IV
over Model II.

For Models I, II and IV a large strain-rate decrease (e.g. 8 =10-2, 10....) immediately causes
large negative stress-strain slope; Table 2, Figs. 3-5. The stress decreases as strain increases.
With further straining the slopes become positive again, and stress and strain both increase
again. Model III also predicts negative slopes immediately following large strain-rate decreases,
but the magnitude of the slope is significantly less than that of the other models (Fig. 6).

tSome choices for constants in F[ I and for representatiobs of F[ I cause stress-strain responses with temporarily
increasing slopes; with upward curvatures.

*The finite-deformation representation of Model I[45] requires separate examination of the infiDite-time limits and
steady-state approximations.
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All four models predict biases between responses following sudden chaDps in the stress­
and strain-rates (Fip. 3-10). A large stress-rate increase produces elastic slope in the responses
of Models I, n and IV. However, ')' must be orders of mapitude p-eater than 8 to obtain the
same approximation of elastic slope. Model m predicts inelastic slope foUowing large stress­
rate increases, and again ')',. 8 in order to obtaju the same slopes after stress- and strain-rate
increases. As part of this bias the jump responses return to steady-state behavior more quickly
after strain-rate increases.

All of the models show a Strolll bias between the responses to sudden stress- and strain-rate
decreases. Large stress-rate decreases produce pOlitiue stress-strain slopes wbile large strain­
rate decreases produce negative slopes (Fip. 3-10). The servocontroUed experiments in (2]
support these cWferent predictions. Because of the smaU slope foUowina a stress-rate decrease,
small increases in stress~ very laqe increases in strain.

Model n demonstrates stnss-rate IWtory elects althouah it does not predict strain-rate
history elects, and this is part of its bias between responses in stress- and strain-control (Fig.
7). The stress-rate history elect occurs after a stress-rate increase because the soft response in
stress-coatrol returns to steady-state behavior slowly over significant strain. Because of its
small slope, the response to a stress-rate decrease also requires significant strain to return to
steldy-state behavior, and this causes a loapr stress-rate history elect. In (21) the limiting
overstress is identical for the response to a stress-rate increase (decrease) and the correspond­
ing pure response, and the stress-rate history elect fades away when the responses return to
steldy-state and merae.

Models I, ill and IV also predict stress-rate history e1fects because of the soft responses to
stress-rate increases and the small slopes correspolldiDl to stress-rate decreases (F'ags. 8-10).
The plastic work aad endocbronic time have cWferent values for the responses to stress-rate
increases (decreases) and the pure resPODICI, and this causes stress-rate history elects which
remain after the responses return to steady-state; which last over large strain.

The biases between responses in stress- and strain-control indicate need for caution in
perfol'lDiq and interpretiaa experiments which are liDked with these theories. It is important to
reliably eateaorize experiments as stress-controlled, strain-controUed, or neither, in order to
compare the experiments and theories. AdditioDlll biases corresponding to stress- and strain­
rate reversals are detailed in (58].
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Models I, m and IV predict SRHE's because their ftow laws contain continuous measwes
of past plastic deformation through Wpl and &. Larae strain-rate cbanaes produce Iarae
difterences between the plastic work and endochronic time of the jump and pwe responses,
causing large strain-rate history effects and 1arJe strain-intervals before responses merge. Model
n predicts no SRHE because the jump response rapidly returns to steady-state behavior and
because the model has no continuous memory for prior deformation during monotonic
loading.t

The difference in the definitions of Wp1 and , results in opposite manifestations of the
SRHE for Model I and Models m, IV (Figs. 4-6). The response of Model I to a strain-rate
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tModelll has discontinuous memory for prior plastic deformation durina cycliDg[58. 59).
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increase remains below the corresponding pure response curve while the jump response of Model
IV foDowing a strain-rate increase crosses above the pure response. The jump response of Model
m also crosses above the pure response, but more gradually and after a larger interval of strain.

Because the plastic work in Model I is greater for the pure response than for the jump
response, F[ 1is greater for the pure response, and the responses of Model I cannot cross. In
Models m and IV the endochronic time is smaller for the pure response than for the jump
response, and this distinction permits the responses to cross. The difference between Wp1 and ,
also causes the different strain- (stress-) rate history elects of Model I and Models m, IV
corresponding to strain- (stress-) rate decreases.

The different SIBE's indicate ways in which the constitutive equations of all the theories
may be modifted to represent different manifestations of memory for prior plastic deformation.
Experiments with different metals [1-3, 6-8, 10, 12, 16,22] support the different predictions of
Models I, D, and IV.

Models I-IV do not use yield surfaces, and the flow laws apply at all times. At the start of
loadiq from the orilin the plastic strain-rates are zero, and their growth is gradual. The initial
responses are approximately linear, and the regions of linear behavior increase with increasing
strain-rates. At low stresses the initial linear responses approximate elastic behavior, but at
hisber stresses the linear responses are significantly inelastic. This distinction is bilb1ighted by
the creep and relaxation behavior predicted at stress-strain points within these linear resions.

At low stress, such as SKsi, Models I, D and IV predict no creep or relaxation for time up to
ur yr. At larger stresses these models predict sipificant creep and relaxation after preloading
within the regions of initial linear stress-strain behavior (Table 3). After preloadiq to 28 Ksi
the creep responses of Models B and IV remain very close for large times up to ItY yr, but at
biaher stresses such as 56 Ksi the difference in these responses increases rapidly for a time
scale in years (Table 3). For Model I the creep response at 28 Ksi parallels the responses of
Models B and IV for times up to years, but at larp stress (56 Kst') the creep response of Model
I is extremely Iarp. The larp creep response makes Model I impractical for the representation
of creep behavior for the data fitted here.

For Model B the creep response is bounded by the equilibrium response g[ l, and creep
terminates when the total strain equals g-'[O'][43]. For Model IV the creep-rate continually
decreases as strain increases, and for Model I the creep-rate reaches a constant, steady-state
value after the plastic work increases and F[ ] becomes constant.

After preloadina in a reaion of linear stress-strain behavior, or after preloadiq to regions of
steady-state behavior, the relaxation responses of Models I, B and IV aaree closely over large
times exceeding ItY yr (Table 3). At extremely large time the equilibrium response g[ 1provides

Table 3. Creep and reluation responses of Models I. Uand IV

Initial Str••• 28 lei 56 lei
Initial Strain .1 % .2 %

Tt.e 102 • 101 yr 103 yr 102 • 101 yr 103 yr

Cr.ep Stra1l1 1.17 4.57 9.82 104 109 1013
lIocI.l I %
Creep Stra1l1 1.24 3.03 3.43 8.92 10.7 n.1
Model 11 %

Craep Strain 1.36 3.79 4.84 13.0 18.0 20.1
lIocIa1 IV %

"laxation Stree. 20.9 16.3 14.6 21.5 16.8 15.1
lIocIel I 1t&1

..lautiOl1 Stre.. 20.1 15.6 14.7 20.9 16.4 15.5
Model 11 lei

"laxation Str... 20.7 15.6 13.8 20.9 15.7 13.9
Model IV lei

The creep and relaxation responses correspond to pre loading in the
region of initial linear behavior. The creep responses of Hodel III
match the creep r••poneea of Model LV.
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a lower bound for the relaxation stress of Model II while the stresses of Models I and IV
continue to relax to zero. However, this distinction is not significant for times shorter than
centuries.

Model III does not predict any relaxation behavior. However, it predicts creep behavior
nearly identical to the creep responses of Model IV. A negligible difference between responses
occurs because of different values of Ko in the K-functions of these models.

Models I, II and IV predict relaxation from 28 Ksi which is much faster than the experimental
relaxation in [1], and at 30 s the predicted stress-decrease is approximately four times the
experimental value. The models need increased flexibility in order to represent both the
relaxation and stress-strain behavior of this material. They need additional, separate reposi­
tories for modeling relaxation (creep) behavior and modelling stress-strain behavior so that
experimental relaxation- (creep-) rates can be matched after the steady-state stress-strain
behavior has been prescribed.

Because Model II has no memory for the prior strain-rate history, it predicts identical
relaxation (creep) responses after preloading to the same point with different strain-rate
combinations. Alternatively the plastic work and endocbronic time in Models I and IV have
different values for different strain-rate histories, and the relaxation (creep) responses of these
models are slightly different when different strain-rate histories are used to preload to the same
stress-strain point.

Similarly relaxation causes small changes in the plastic work and endocbronic time of
Models I and IV. Reloading after relaxation produces a steady-state stress-strain response which
differs slightly from the original pure response free of relaxation. For Model II the response to
reloading after relaxation coincides with the original, pure response.

Aeknowledgmlellt-Contributions from Dr. Erhard Krempl are gratefuUy acknowJedaed. This work was supported by the
National Science Foundation.
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APPENDIX
Materials functions and properties used in the numerical experiments

(\) E=28,OOOKsi :: = 360Ksi at f=O.OI, i= 10-5 5-1•

(2) Parameters corresponding to Model I and F[ ] in eqn (29).

bo= 1.02367

fo = 1531.04 Ksi

Do =1.1158 x 1013 5-1

f, = 663.67 Ksi f2 = I Ksi- I .

(3) Parameters and functions corresponding to Model II.
The g[ I-function is selected from [57]:

g(f) =Erf+2R~:.rlt-3] Ioa.[=~]

where U = R(X, +f) - 3, V =R(X,- f) - 3, E, = 360 Ksi, X, = 0.0016752 and R =R... =3.631X,. To fit two data points we
select a k[ ]- function with two constants

k[u- g) = A exp[ - Blu- gl'14]

where A =1.4354477 x IOZO s and B =25.424278 Ksi-1/4.
(4) Parameters corresponding to Models mand IV and to K[ ] in eqn (7).

do= 200

Modelm

Model IV

Co = 76.778 do
Ko =0.0539883

Ko = 0.0539595

Au =exp[KJKI]IK2

KI =0.0022286

KI =0.0022286

llo=K,
K2=I s

K2=I s.


